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Abstract 

X) ■ 
D ■ 

' We investigate the relation between measurements and the physical observables for 

' vacuum spacetimes with compact spatial surfaces in (2+l)-gravity with vanishing cos- 

■ mological constant. By considering an observer who emits lightrays that return to 
^ ^. him at a later time, we obtain explicit expressions for several measurable quantities as 
^ . functions on the physical phase space of the theory: the eigentime elapsed between the 
bi)! emission of a lightray and its return to the observer, the angles between the directions 

I into which the light has to be emitted to return to the observer and the relative frequen- 

I cies of the lightrays at their emission and return. This provides a framework in which 

l/^ ' conceptual questions about time, observables and measurements can be addressed. We 

■ analyse the properties of these measurements and their geometrical interpretation and 
. show how they allow an observer to determine the values of the Wilson loop observables 
. that parametrise the physical phase space of (2+l)-gravity. We discuss the role of time 
! in the theory and demonstrate that the specification of an observer with respect to the 

Q I spacetime's geometry amounts to a gauge fixing procedure yielding Dirac observables. 

> : 

X ■ 1 Introduction 

■ ■ ■ ' Gravity in (2+1) dimensions has been investigated extensively as a toy model for the quan- 
tisation of higher-dimensional gravity, for an overview see [H [2] . As the theory simplifies 
considerably in (2+l)-dimensions, it becomes amenable to quantisation and thus provides a 
framework in which conceptual questions of quantum gravity can be investigated in a fully 
quantised theory. However, this goal is obstructed by a problem present also in (3+1) di- 
mensions: it is difficult to relate the variables parametrising the phase space and used in 
quantisation to physically meaningful quantities that could be measured by an observer. 

Although (2+l)-dimensional gravity is equipped with a complete set of gauge and diffeo- 
morphism invariant observables, the Wilson loops along closed curves in the spacetime, it 
is currently unclear how these observables are related to realistic physical measurements 
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performed by observers. This hinders the appUcation of the resulting quantum theory to 
concrete physical problems and complicates the interpretation even on the classical level. 
In particular, it is not known how to define operators with a clear physical interpretation, 
how the Wilson loop observables that parametrise the phase space could be reconstructed 
from measurements performed by observers and how time variables such as the observer's 
eigentime enter the theory. 

In this paper, we address this problem for Lorentzian vacuum spacetimes in classical (2+1)- 
gravity with vanishing cosmological constant. More specifically, we consider maximal glob- 
ally hyperbolic vacuum spacetimes with compact genus g>2 spatial surfaces, which resemble 
the Bianchi models in (3-1-1) dimensions. We pursue an approach similar to gravitational 
lensing and consider an observer who probes the geometry of the spacetime by emitting ligh- 
trays. Such an observer will notice that the lightrays sent in certain directions return to him, 
and he can measure the amount of eigentime elapsed between the emission and reception of 
such a returning lightray. Moreover, the observer can determine the directions into which 
the light needs to be emitted in order to return and the angles between these directions. He 
also can compare the frequencies of the lightray at its emission and return. 

This provides us with physically meaningful measurements that resemble the ones performed 
in cosmology and astrophysics. The purpose of this paper is to relate these measurements to 
the observables that parametrise the phase space of the theory and serve as the fundamental 
building blocks in its quantisation. More specifically, we resolve the following issues: 

1. We derive explicit expression for these measurements in terms of the fundamental 
observables of (2+l)-dimensional gravity, the holonomies along closed curves in the 
spacetime and the associated Wilson loop observables. 

2. We discuss their physical properties, analyse their geometrical interpretation and show 
how they encode the geometry of the underlying spacetime. 

3. We demonstrate how an observer can reconstruct the values of the holonomies and 
Wilson loop observables and hence the physical state of the spacetime from these 
measurements. 

4. We give a careful discussion of the conceptual issues of quantum gravity that manifest 
themselves in this description. In particular, we discuss the role of partial and complete 
observables and show that specifying an observer with respect to the geometry of the 
spacetime amounts to a gauge fixing procedure. 

5. We investigate the role of time in the theory. In particular, we find that the observer's 
eigentime plays the role of an additional parameter that relates his measurements to 
the gauge and diffeomorphism invariant observables parametrising the phase space. 

Together, these results define a set of physical quantities that could be measured by an 
observer. These quantities determine the spacetime's geometry uniquely and are given ex- 
plicitly as functions on the physical phase space of the theory. This provides a framework in 
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which conceptual questions about time, observables and the phase space can be addressed. 
In particular, it offers the prospect of investigating the associated operators in the quantum 
theory and of clarifying fundamental conceptual questions of quantum gravity. 

The paper is structured as follows. In Sect. [2] we give an overview of the geometrical prop- 
erties of flat maximal globally hyperbolic vacuum spacetimes of topology x Sg, where Sg 
is an oriented two-surface of genus g >2. Following the presentation in ^i4j, we review the 
description of such spacetimes as quotients of regions in Minkowski space by the action of 
cocompact Fuchsian groups and the construction of evolving spacetimes via grafting. 

Sect. Elcontains a brief discussion of the conceptual questions in classical and quantum gravity 
that are associated with observables, time and physical measurements. We motivate and 
summarise the central idea of this paper - to consider observers that measure the geometry 
of the spacetime and determine the values of the physical observables via returning lightrays 
- and discuss its relation to gravitational lensing. 

In Sect, m we derive the main results of our paper. We consider three realistic physical 
quantities that could be measured by an observer in the spacetime: the eigentime elapsed 
between the emission and reception of a returning lightray, the directions in which an observer 
needs to send light in order to have it return to him and the angles between these directions 
as well as the relative shift in frequency between the emitted and the returning lightray. We 
derive explicit expressions for these quantities as functions of the observer's eigentime, his 
worldline and of the observables that parametrise the physical phase space of the theory. We 
discuss their physical interpretation and show how they encode the spacetime's geometry. 

In Sect. |5] we discuss our results with respect to the conceptual questions of classical and 
quantum gravity outlined in Sect. [31 We show that they provide a framework in which these 
questions can be addressed explicitly and concretely. In particular, we demonstrate that 
the measurements in Sect. Hlare related to the gauge invariant observables of the theory via 
the specification of an observer with respect to the geometry of the spacetime, which can 
be viewed as a gauge fixing procedure. We discuss the role of time in the theory and give 
an explicit prescription through which the observer can determine the physical observables 
from his measurements associated with returning lightrays. 

Sect, ini contains our outlook and conclusions. The appendix summarises facts and definitions 
from two-dimensional hyperbolic geometry and the theory of cocompact Fuchsian groups. 

2 Vacuum spacetimes in (2+l)-gravity 
2.1 Definitions and notation 

Throughout the paper, we use Einstein's summation convention. Indices run from to 2 
and are raised and lowered with the (2+l)-dimensional Minkowski metric t] = diag(— 1, 1, 1). 
We use the notations x"^ = r]{x, x) = XaX"' and x ■ y = ri{x, y) = XaU""- For n G timelike 
(n^ < 0) or spacelike (n^ > 0), we denote by n the associated unit vector satisfying. 
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respectively, = —\ and = \. We write = {yGM^|n-7/ = 0} for the orthogonal 
complement of n G M'^ and Ily^x for the projection on 

\v — (vn)n for > (n spacelike) , 
nn±iv) = \ ^ ' ^ ^ ' yvER\ (2.1) 

l^v + {vfi)n for < (n timelike) 

The proper orthochronous Lorentz group in three dimensions is the group 5*0(2, 1)^ = 
PSL{2, M) = PSU{1, 1). We fix a set of generators J^, a = 0, 1, 2, of its Lie algebra in terms 
of which the Lie bracket takes the form 

[Ja, Jb] = ^abcJ'^1 (2.2) 

where e is the totally anti-symmetric tensor in three-dimensions with the convention €912 = 
— e°^^ = 1. A set of su(l, l)-matrices satisfying these relations is given by 



-J - n . J - n 1 



Using this representation, we obtain for the exponential map exp : su(l, 1) SU{1, 1) 

cosh ^ 1 + 2 sinh ^-^h^Jb for > (n spacelike) 
expin^Jb) = <^ cos ^ 1 + 2 sin ^ri* for < (n timelike) (2.4) 

1 + n^Jb for = (n lightlike). 

Note that this map is neither injective nor surjective. However, the induced map exp : 
su(l, 1) — > PSU{1, 1) = SU{1, 1)/Z2 is surjective and elements of the proper orthochronous 
Lorentz group can therefore be parametrised via (12. 4p . Elements of PSU{1, 1) = S0q{2, 1) 
are called hyperbolic, parabolic and elliptic, respectively, if the vector n in (12. 4p is spacehke 
(n^ > 0), lightlike (n^ = 0) and timelike (n^ < 0). 

The standard representation of the (2+l)-dimensional proper orthochronous Lorentz group 
on M.^ by 5*0(2, l)(j'- matrices agrees with the adjoint action of PSU{1, 1) on its Lie algebra 
su(l, 1) = s[(2,M) = so(2, 1) and will be denoted by Ad{v) in the following 

vJa-v-^ = Ad{v)\Jb \/v G SU{1, 1). (2.5) 

Using (12.41) we find that the action of this representation on vectors G is given by 



cosh \n\{x — {hx)fi) + {hx)h + sinh \n\h Ax for > 
Ad(exp(n''Jfc))x = ^ cos \n\{x + {hx)n) + {hx)h + sin \n\h A x forn^ < (2.6) 

X + n A X for = 0. 

The group of orientation and time orientation preserving isometrics of (2+l)-dimensional 
Minkowski space is the (2+l)-dimensional Poincare group Isom(M^) = J50(2, 1)^. It has a 
semidirect product structure 750(2, 1)q = S0q{2, 1) k R^. With the parametrisation 

I SO^ (2,1) 3 {u, a) M G P5f/(l,l),a G M^ (2.7) 
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its group multiplication law takes the form 

(ui, ai) ■ {u2, as) = {uiU2, ai + Ad(Mi)a2) Vmi, U2 E PSU{1, 1), ai, as G ]R^ (2.8) 
and its action on Minkowski space is given by 

{u, a)x = Ad{u)x + a Va; G (2.9) 

2.2 Vacuum spacetimes via the quotient construction 

In the following, we consider Lorentzian (2+l)-gravity with vanishing cosmological constant 
and without matter. More specifically, we restrict attention to maximal globally hyperbolic 
vacuum spacetimes with a complete Cauchy surface that are of topology M ^ M"*" x Sg, 
where Sg is an orientable two-surface of genus g > 2. Spacetimes of this type have been 
investigated extensively in mathematics and mathematical physics, and their properties are 
well-understood. They resemble the cosmological solutions of the Einstein equations in (3+1) 
dimensions such as Bianchi spacetimes. In particular, it is shown in [3] that any spacetime 
of this type has a big bang singularity and is equipped with a cosmological time function. 

Due to the absence of local gravitational degrees of freedom in (2+1) -gravity, any vacuum 
solution of the (2+l)-dimensional Einstein equations with vanishing cosmological constant 
is flat and locally isometric to Minkowski space. However, the theory has a finite number 
of global degrees of freedom for spacetimes of non-trivial topology. For the spacetimes 
considered in his paper, these global degrees of freedom are manifest in their description as 
quotients of regions in Minkowski space. It is shown in [3] , for a more recent and accessible 
discussion see [H [5], that these spacetimes are obtained as quotients of certain regions in 
(2+l)-dimensional Minkowski space by the action of cocompact Fuchsian groups. 



2.2.1 The quotient construction for vacuum spacetimes 

The first ingredient in the quotient construction is a regular, future complete domain in 
(2+l)-dimensional Minkowski space. This is an open region D C with a distinguished 
set of points Dq C dD consisting of those points in dD which admit spacelike support 
planes . In the following we adopt the terminology of |^ and refer to Dq as the initial 
singularity of the domain D C M'^. Note, however, that this does not coincide exactly with 
the standard definition of a singularity via geodesic incompleteness [HI 

It has been shown [3], see also [H |5], that the regular domains in the quotient construction 
are equipped with a cosmological time function and foliated by surfaces Dt of constant 
cosmological time T, i. e. of constant geodesic distance T from the initial singularity Dq 

D= (j Dt. (2.10) 

TGM+ 

^As will become apparent in the next subsection, not only points in Dq but all points in dD are associ- 
ated with past-incomplete incxtendible timclike geodesies. According to the standard definition, the initial 
singularity would therefore be the whole boundary dD and not just the subset Dq C dD. 



5 



The domain is the future of the initial singularity Dq, and any point p G D can be 
parametrised uniquely as 

p = T{p) ■ N{p) + r{p) N{pf = -1, r(p) G Do, (2.11) 

where T : D ^ is the cosmological time function, N : D ^ Hi is called the Gauss map 
and takes values in the unit hyperboloid Hi = {x E M.\ x"^ = —1} = M."^ and r : D ^ Dq is 
the retraction to the initial singularity Dq as shown in Fig. [H 




Figure 1: Parametrisation of points in the regular domain. 

The second ingredient in the construction is a cocompact Fuchsian group F of genus g. 
This is a discrete subgroup of the proper orthochronous Lorentz group PSU{1, 1) with 2g 
generators Va^.vi,. G PSU{1, 1), i = 1, . . . , g, and a single defining relation 

F = {v,„v,,, v,^,v,^ e PSU{1, 1) I K, t;,^] ■ ■ ■ K, ^o,'] = 1), (2.12) 

where [u, v] = u-v-u~^-v~^ denotes the group commutator. It can be shown that all non-unit 
elements of a cocompact Fuchsian group are hyperbolic, i. e. given as the exponential (12.41) 
V = exp{n"'Ja) with a spacelike vector n. 

The cocompact Fuchsian group F acts on the regular domain C M via a group homomor- 
phism into the (2+l)-dimensional Poincare group IS0{2, 1)^ = Isom(M^) 

h:T ^ IS0{2,1)+, v^h{v) = {Ad{v),a{v)). (2.13) 

It is shown in [5] that this group homomorphism gives rise to a free and properly discontin- 
uous action of the cocompact Fuchsian group F on the domain D C M which preserves each 
constant cosmological time surface Dt- 

The quotient spacetime M is obtained by taking the quotient of the regular domain D 
with respect to this group action. As the latter preserves the constant cosmological time 
surfaces Dt which foliate the domain, this amounts to identifying on each surface of constant 
cosmological time the points related by the action of F via fl2.13p 

M = [j Mt MT = DT/h{T). (2.14) 
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In other words, two points p,q ^ D parametrised uniquely as in (12. lip are identified if and 
only if they satisfy T{p) = T{q) and there exists an element v eT such that 

N{q) = Ad{v)N{p) r{q) = Ad{v)r{p) + a{v). (2.15) 

The fact that the group action is free and properly discontinuous ensures that this quotient 
is a three-dimensional manifold of topology M ^ x Sg and that its fundamental group is 
isomorphic to the cocompact Fuchsian group 7Ci{M) = TTi{Sg) = T. It inherits a Lorentzian 
metric induced by the restriction of the Minkowski metric t] to the domain D C M'^. The fact 
that the group action preserves the surfaces of constant cosmological time implies that M is 
equipped with a cosmological time function and foliated by spacelike surfaces Mt = DT/h(T) 
of constant cosmological time, i. e. of constant geodesic distance from Mq = Do/h{T). As 
in the case of the domain, we adopt the terminology of [U |3] and refer to Mq as the initial 
singularity of M, although again this does not coincide exactly with the standard definition 
via geodesic incompleteness [U [7]. The metric on M thus takes the form g = —dT"^ + qt, 
where qt is metric on constant cosmological time surface Mt = DT/h{T) induced by rj. 

The geodesies on the spatial surfaces Mt are obtained as the quotients of geodesies on the 
constant cosmological time surfaces Dt with respect to the group action fl2.13p . Closed 
geodesies based at a point p G Mt are thus in one-to-one correspondence with elements of 
the fundamental group 7ri(M) = V. They are given by F-equivalence classes of geodesies 
(yf : R Dt on the constant cosmological time surfaces Dt that satisfy 

3i; G r : g{t + Q = h{v)g{t) Vt G M. (2.16) 

The preimage of a closed geodesic g : —>■ Mt on the spatial surface Mt is therefore a set 
of geodesies Gg = {h{v)g \ v G F}, where g : M. ^ Dt is a lift of g to Dt and h{v)g is its 
image under the action of f G F via the group homomorphism (12.130 . 

Timelike future directed geodesies on M are given as F-equivalence classes of timelike future 
directed geodesies in the domain. The latter can be parametrised as 

gx,xo{t) = t ■ X + xo x"^ = -1, > 0, xo e D, (2.17) 

where the parametrisation is unique up to a time shift 

t^t + to xo^XQ — toX. (2-18) 

The preimage of a timelike, future directed geodesic in the quotient spacetime M is therefore 
a set of geodesies G^.xo = {h{v)gx,xo I ^ T} where g^^xo is a specific lift parametrised as in 
(I2.17P and h{v)gx,xo is its image under the action (12.130 of f G F. Using the parametrisation 
(12. 7p . (12. 9p . we find that these geodesies are of the form 

h{v)gx^xg{t) = t ■ Ad{v)x + Ad{v)xo + a{v) x"^ = -1, x'^ > 0, Xq E D, v E T. (2.19) 

Similarly, a future directed lightlike geodesic in M corresponds to a set of geodesies Gx,xo = 
{h{v)gx,xo I ^ r} given as in (I2.19P but with x'^ = 0. In this case, the parametrisation in 
terms of vectors x,xq E M.^ is unique up to a time shift (I2.18P and a rescaling x i-^ ax, 
t ^^ t/a with a E M+. 
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2.2.2 Static spacetimes 



We illustrate the general pattern of the construction by considering the simplest spacetimes 
obtained by it, the so-called static spacetime^ associated to a cocompact Fuchsian group T. 
In this case, the regular domain is the interior of a future lightcone based at a point p G 

= {a; G I x° - J9° > 0, {x - pf < 0}, (2.20) 

and the initial singularity is its basepoint Dq = {p}. The foliation of the domain by surfaces 
of constant cosmological time is the usual foliation of the lightcone by hyperboloids in Fig. [2] 

D't = HT + p={xeWf \{x-pf = -T^, x° - p° > 0}. (2.21) 

As explained in the appendix, the constant cosmological time surfaces with the metric 



Figure 2: Foliation of the future lightcone by hyperboloids. 

induced by rj are isometric to the Poincare disc model ( lA.ip of hyperbolic space ISP up to 
a rescaling of the metric with a factor T^. Each constant cosmological time surface D'^ is 
therefore a copy of two-dimensional hyperbolic space rescaled by the cosmological time T. 

The group homomorphism hg : T ^ IS0q{2, 1) that acts on this static domain and preserves 
the constant cosmological time surfaces D'^ is given by 

hs-. {Ad{v), Usiv)) = {Ad{v), (1 - Ad{v))p). (2.22) 



From formula (12.91) for the action of the isometry group and the identification flA.SP between 



the hyperboloids and the Poincare disc, it follows that this group action agrees with the 
canonical action flA.12p of F on the Poincare disc. As explained in the appendix, this 
canonical action of F induces a tessellation of hyperbolic space H^, and hence of the constant 
cosmological time surfaces D^, by geodesic arc 4(7-gons, which are mapped into each other 
by the elements of F as indicated in Fig. [7l 



•^Strictly speaking, they are not static but conformally static but for simplicity we will refer to them 
as static spacetimes in the following. 
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The spacetime M is obtained by identifying on each hyperboloid the points related by the 
action of F or, equivalently, by gluing the sides of each polygon pairwise as shown in Fig. [71 
It takes the form 

M= U T-Sg, S3 = eVF g = -dT^ + T^g^^ (2.23) 

rgR+ 

where g^.^ is the standard metric on the surface = H^/F induced by the metric on 
hyperbolic space 'M? = Hi. The metric qt on the constant cosmological time surfaces Mt 
therefore does not exhibit an interesting evolution with the cosmological time T. It is rescaled 
by an overall factor but stays proportional to the standard metric of the associated two- 
surface Eg. In the standard terminology [B], the spacetimes are therefore conformally static, 
but for notational simplicity we will refer to them as static in the following. 

2.2.3 Evolving spacetimes via grafting 

It is shown in [3] that any maximally globally hyperbolic genus g vacuum spacetime can 
be obtained from a static spacetime via the grafting construction. The ingredients in the 
grafting construction are a cocompact Fuchsian group F and a measured geodesic lamination 
on the associated surface Eg = H^/F. The measured geodesic lamination can be thought 
of as the limit of a sequence of weighted multicurves (for a precise definition of this limit 
see [31 II])- These are sets of non-intersecting geodesies on E^, with a positive number, the 
weight, associated to each geodesic as shown in Fig. O In the following, we summarise the 
grafting construction for multicurves following the presentation in 




Figure 3: Grafting along a multicurve consisting of two geodesies ci, C2 with weights wi, W2 on a 
genus 2 surface. 

Schematically, grafting acts on each constant cosmological time surface My = T • S-p in the 
static spacetime by inserting a strip along each geodesic in the multicurve on as shown 
in Fig. [3l The construction is performed simultaneously on all surfaces Mt, and the widths 
of the strips are given by the weights of the associated geodesies. 

The construction is performed in the universal cover, i. e. the regular domain Dg C and 
implemented via the following steps: 
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1. Lift the geodesies in the multicurve to a F-invariant set of geodesies on each of the 
hyperboloids = T ■ by selecting one hft for each geodesic and acting on it with 
the elements of F. This yields a F-invariant weighted multicurve on each of the constant 
cosmological time surfaces which foliate the interior of the future lightcone. The 
geodesies in this multicurve are given as intersections of planes through the tip of the 
lightcone with the hyperboloids as shown in Fig. H] a. 

2. Select a basepoint q in the interior of the future lightcone Dg outside of all the geodesies 
in the multicurve, i. e. outside the planes defining these geodesies. 

3. Cut the lightcone Ds along all of the planes corresponding to geodesies in the multic- 
urve. Translate the pieces that do not contain the basepoint away from the basepoint 
in the direction of the normal vector of the associated plane and by a distance given 
by the weight of the associated geodesic as shown in Fig. |l]b. 

4. Join the resulting pieces by straight lines connecting the two points that correspond 
to a given point on each geodesic in the multicurve as shown in Fig. H] c. 




a) b) c) 

Figure 4: The grafting construction for a single geodesic in the regular domain Dg. 

The result of the construction is a deformed domain D. Its initial singularity Do is no longer 
a point but a graph, more specifically, a F-invariant real simplicial tree. The surfaces 
of constant cosmological time T which foliate the deformed domain are the images of the 
hyperboloids under the grafting construction. They are deformed hyperboloids with a 
strip glued in along each geodesic in the multicurve. 

The grafted spacetime is given as the quotient M = D /h(T) of the deformed domain Dhy a, 
deformed action of the cocompact Fuchsian group F. This group action is defined in such a 
way that it identifies two points in the deformed domain if and only if the canonical action 
of F via (12.221) identifies the corresponding points in the static spacetime. (Points on the 
strips are identified if and only if the corresponding points on the geodesies in the multicurve 
are identified via (12.221) and they have the same distance from the edge of the strips.) The 
associated group homomorphism : F — > I SOq [2,1) therefore acquires a translational 
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component which takes into account the translations in the grafting construction: 

k k 

h{v) = {Ad{v), (1 - Ad{v))p + ^i'^i) = (1' ^^^*) ■ ^«(^)' (2.24) 

1=1 i=l 

where the sum runs over all geodesic in the multicurve in which intersect the geodesic 
segment from the basepoint q G to its image Ad{v)q G H^. The parameters Aj denote 
the weights of the geodesies and the vectors hi the spacelike unit normal vectors of the 
associated planes oriented in such a way that q ■ hi < 0, Ad{v)q ■ hi > 0. 

The resulting quotient spacetime M = D/h{T) is no longer static. The metric qt on the 
surfaces Mr = DT/h{T) of constant cosmological time evolves with time as depicted in 
Fig. [51 While the pieces of the constant cosmological time surfaces Mr outside the strips 
are simply rescaled by the cosmological time T, the width of the strips is given by the 
weight of the grafting geodesies and stays constant. The metric qt thus evolves with the 
cosmological time T and approaches the metric of the constant cosmological time surfaces 
in the associated static spacetime in the limit T — » oo 



Static spacetime Grafted spacetime 




Figure 5: Illustration of the evolution of static and grafted spacetimes with the cosmological 
time. While the hyperbolic part of the constant cosmological time surfaces Mt is rescaled with 
the cosmological time T, the widths of the grafted strips stay constant, which yields a non-trivial 
evolution of the metric on the spatial surface. 

2.3 Phase space and observables 

As shown by Mess [3], any maximal globally hyperbolic fiat (2-|-l)-spacetime with a complete 
Cauchy surface of genus g > 2 can be obtained via the quotient construction summarised in 
Sect. 12.21 Moreover, the geometry of such spacetimes is determined uniquely by the choice of 
a cocompact Fuchsian group F as in fl2.12p together with its action on Minkowski space via 
the group homomorphism (12.131) . As the cocompact Fuchsian group F is isomorphic to the 
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fundamental group T = 7ri(M), this implies that every spacetime is characterised uniqueljo 
by a group homomorphism 

h : 7ri(M) IS0+{2, 1) A G 7ri(Af) ^ h{vx) = {Ad{vx), a{vx)) G IS0+{2, 1). (2.25) 

Equivalently, the spacetimes can be characterised by the values of this group homomorphism 
on a set of generators of the fundamental group 7ri(M) = F, i. e. by the I SO {2, 1)q -valued 
holonomieqj along a set of closed curves on the spatial surface Mt that represent these 
generators. 

Two group homomorphisms hi : vri(M) ISOq (2,1), i = 1,2, determine diffeomorphic 
spacetimes if and only if they are related by conjugation with a constant element of the 
(2+l)-dimensional Poincare group IS0q{2, 1). This corresponds to a global Poincare trans- 
formation acting simultaneously on the domain and on the holonomies according to 

y^Ad{vo)y + ao h{v) ^ {Ad{vo) , ao) ■ h{v) ■ {Ad{vo) , a^)-^ yyeD,veT. (2.26) 

Using the group multiplication law (12. 8p and formula (12.91) for the Poincare transformations, 
it follows directly that two points in the transformed domain (Ad(fo)5 2/o)-D are related by 
the group action h2 = (Ad(fo), j/q) ' ' {Ad{vo), yo)~^ if and only if the corresponding points 
in the original domain D are related by hi. As Poincare transformations are isometrics 
of Minkowski space, the resulting quotient spacetimes M = D/h{T) are isometric. This 
implies that the phase space of the theory is the identity component of the space of all group 
homomorphism from the fundamental group 7ri(M) into the (2+l)-dimensional Poincare 
group IS0q{2, 1) modulo conjugation with IS0q{2, 1) 

Homo(7ri(M), IS0^{2, l))/IS0t{2, 1). (2.27) 

The physical observables of the theory, which are functions on the phase space, are thus given 
as functions of these 2g IS0q{2, l)-valued holonomies that are invariant under simultaneous 
conjugation of their arguments with IS0q{2, 1). 

A specific set of such observables are the Wilson loop observables associated to closed curves 
in M. They were first investigated in [101 [HI [121 [131 [IH [IS] and have since played an 
important role in the classical description and the quantisation of the theory. They are 
obtained by applying a conjugation invariant function / : IS0q{2, 1) ^ M to the curve's 
holonomy. Due to the absence of local degrees of freedom, they only depend on the curve's 
homotopy equivalence class in 7ri(M) = F and can therefore be viewed as maps 

Wf ■ 7ri(M) ^ M A ^ f{h{i'\)), (2-28) 

*This is in general not the case for (2+l)-spacetimes with point particles. It has been shown by MatschuU 
[5], that there exist examples of non-diffeomorphic spacetimes with identical holonomies. A mathematical 
discussion of this phenomenon of " holonomy failure" for the case of point particles on a sphere is given in 
[1]. For an investigation of the analogous phenomenon in (l+l)-dimensional gravity see [S]. 

^Note that these holonomies coincide with the ones obtained in the Chern-Simons formulation of the 
theory and defined as path ordered exponentials H{c) = Fexp A{c{t))c(t)dt where A is the iso(2, 1)- 
valued connection. 
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where vx is the element of F = 7ri(M) associated to A and h the group homomorphism fl2.13p . 

For Lorentzian (2+l)-gravity with vanishing cosmological constant, each element A G vri(M) 
is associated with two canonical Wilson loop observables which are the fundamental physical 
observables of the theory. It is shown in [121 |T7] that they generate via the Poisson bracket 
the two fundamental transformations that change the geometry of the (2+l)-spacetime, 
grafting and earthquake performed simultaneously on all surfaces of constant cosmological 
time. These canonical Wilson loop observables, in the following referred to as "mass" m\ 
and "spin" sa of A G 7ri(M), are obtained by applying the functions m, s : IS0q{2, 1) ^ M 

m : (e"'■^^ a) ^ |n| s : (e"'-^', a) ^ a ■ h (2.29) 

to the holonomy along A. Note that they are closely related to the traces of the Poincare- 
valued holonomies. Using the 3u(l, 1) representation (12.41) one finds 

Tr(e"'-^'') = 2 cosh (^|m(e"'■^^ a)) Tr(e"'-^''-aV,) = sinh (^\m{e'''\ a)) ■s(e"'■^^ a). (2.30) 

It has been shown that the mass and spin observables associated to all elements of the 
fundamental group vri(S'g) = F form a complete set of observables. Their values determine 
the spacetime uniquely and they parametrise the physical phase space fl2.27p of the theory. 

3 Time, measurements and observers in (2+l)-gravity 

3.1 Time, measurements and observers 

After summarising the properties of maximally globally hyperbolic vacuum spacetimes in 
(2+l)-gravity with vanishing cosmological constant, we will now use these spacetimes to 
investigate the relation between spacetime geometry, the physical phase space of the theory 
and measurements by observers. This will yield concrete examples in which the conceptual 
issues surrounding time, measurements and the phase space of gravity are manifest and can 
be investigated. In particular, we will address the following questions. 

1. The physical phase space and measurements by observers 

As explained in the previous section, the phase space of (2+l)-gravity is finite-dimen- 
sional and admits a simple parametrisation (12.271) in terms of holonomy variables or, 
equivalently, Wilson loop observables (12.281) . These variables are the fundamental 
building blocks in most quantisation approaches. However, except for particularly 
simple cases such as the torus universe and certain point particle models, the physical 
interpretation of these holonomies and Wilson loops is currently not well understood. 
It is unclear how quantities that could be measured by an observer in the spacetime 
are given as functions of these holonomies and, conversely, how the values of these 
observables could be determined by concrete measurements. This complicates the 
interpretation of the theory and makes it difficult to extract interesting physics from 
the models. 
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2. The concept of observables 

The issue of observables in constrained systems and, especially, gravity is subtle because 
the theory interlaces several notions of physical observables. The first is the concept of 
physical observables as quantities that could be measured by an observer such as time, 
lengths, angles etc. The other is the notion of observables as functions on the physical 
phase space of the theory, i. e. the space of solutions of its equations of motion modulo 
gauge symmetries. While these two notions coincide for many physical systems, this 
is not the case for gravity. Functions on the physical phase space are by definition 
gauge and diffeomorphism invariant, while this is not the case for the usual quantities 
measured by observers such as lengths, areas or time intervals. This issue gave rise to 
many discussions and lead to the development of the concepts of partial and complete 
observables and evolving constants of motion by Rovelli [TH [191 [2Q] and a formalism 
for the construction of complete (Dirac) observables by Dittrich [211 [22] . 

3. The role of time in the theory 

As the Hamiltonian of general relativity is a constraint, there is no evolution of physical 
states in the phase space with respect to a time parameter. Physical states are labelled 
by the time-independent holonomy variables and Wilson loops. However, as explained 
in the previous section, the geometry of the constant cosmological time surfaces evolves 
with respect to the cosmological time. This implies in particular that any realistic 
measurement by an observer will depend on time variables, such as the cosmological 
time or the observer's eigentime. However, these time variables are not parameters 
that describe an evolution in phase space, but properties of the spacetime, i. e. the 
physical states themselves. This raises the question how such time variables enter the 
theory and manifest themselves in the relation between physical measurements and 
the gauge and diffeomorphism invariant observables. This issue is of special relevance 
to the subject of quantum gravity because it arises in many debates concerned with 
the structure of time and space in a quantum theory of gravity. 

The Lorentzian vacuum spacetimes considered in this paper appear as an ideal testing ground 
for the investigation of these questions. Due to the simplifications in (2+1) dimensions, their 
phase space can be parametrised explicitly in terms of gauge and diffeomorphism invariant 
observables and theory becomes amenable to quantisation. Moreover, these spacetimes have 
a rich geometry with realistic physical features such as an initial singularity and expansion 
with the cosmological time. They also exhibit strong similarities with the Bianchi models in 
(3+1) dimensions which are investigated extensively in cosmological applications of quantum 
gravity. They thus constitute viable toy models for the (3+l)-dimensional case. 

3.2 The relation to gravitational lensing 

The starting point for our investigation is the question which quantities an observer in an 
empty (2+l)-spacetime could measure. Due to the absence of matter, all measurements 
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of such an observer must be measurements of spacetime geometry itself. The description 
of spacetime via the quotient construction suggests quantities such as relative lengths of 
or angles between closed geodesies on surfaces of constant cosmological time. However, it 
turns out that expressing these quantities in terms of the holonomies which parametrise the 
phase space of the theory is complicated for evolving spacetimes. It amounts to explicitly 
recovering the geodesic lamination underlying the grafting construction from the holonomies, 
which is known to be difficult [23] . 

For this reason we pursue an alternative approach and consider an observer who determines 
the geometry of the spacetime by emitting lightrays. Schematically, such an observer will 
notice that lightrays sent in certain directions return to him. He can determine the eigentime 
elapsed between the emission and reception of such returning lightrays, the directions into 
which the light needs to be sent in order to return and the angles between them. Moreover, 
he can compare the relative frequency of the emitted and returning lightray and determine 
how all of these quantities evolve with respect to his eigentime at the emission of the lightray. 

The procedure is similar to gravitational lensing (for an overview see [SUES]), which is used 
extensively in astrophysics and astronomy. In gravitational lensing, an observer probes the 
geometry of a spacetime region by observing multiple images of a light source behind it. As 
in gravitational lensing, our observer makes use of multiple lightrays between two worldlines 
to determine the geometry of the spacetime. 

The situations differ insofar as in (3+l)-dimensional gravitational lensing the multiple im- 
ages, aberration and frequency shifts of the lightrays are due to the non-trivial gravitational 
field between the source and the observer. In (2-|-l)-gravity this gravitational field vanishes. 
Instead, the effect is caused by the nontrivial topology of the spacetime. In analogy to the 
(3+l)-dimensional case the procedure can therefore be viewed as a topological version of 
gravitational lensing. The other difference is that for reasons of simplicity we take the ob- 
server himself as a light source and consider lightrays that return to him, i. e. we consider 
measurements of the images of the lightsource as seen by the lightsource. However, the 
discussion in the next section should make it clear, how our analysis can be generalised to 
external lightsources. 

4 Measurements via returning lightrays 

4.1 Return time for lightrays emitted by an observer 

To investigate the notions outlined in the previous section, we now focus on measurements of 
an observer in free fall whose worldline is given by a future directed timelike geodesic in the 
spacetime M. As explained in Sect. 12.21 this corresponds to an infinite set of future directed, 
timelike geodesies in the domain which are mapped into each other by the action of F 
via (I2.13p . These geodesies can be parametrised uniquely up to the time shift (12.181) as 

h{v)g^^^,X^) = t-Ad{v)x+Ad{v)xo + a{v) with x e Hi,Xo e D,t e M+, f G F. (4.1) 
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Lightrays emitted by the observer in M at eigentime t that return to him at time t + At 
correspond to hghtrays in the domain D C that are emitted at the worldhne gx,xo = 
h{l)gx,xo eigentime t and are received at one of its images h{v)gx^xo time t + At. 
They are thus in one-to-one correspondence with elements of the cocompact Fuchsian group 
r = 7ri(M). As explained in Sect. 12.2.11 the elements of F = tti{M) are also in one-to-tone 
correspondence with closed geodesies on each surface Mt of constant cosmological time and, 
in particular, with geodesies on the static surfaces = T ■ E^. We therefore have a one- 
to -one correspondence between returning lightrays and closed geodesies on the constant 
cosmological time surfaces Mt- 



The interval At of the observer's eigentime elapsed between the emission and reception of 
such a lightray is given by the condition {h{v)gx^xo{t + At) — gx,xa{t))^ = 0. This yields a 
quadratic equation in At with solutions 

At = AA{v)x ■ {h{v)gx,xM - 9x,xM) ± \^{aa(v)x)^ {h{v)gx,xM - 9x,xoit)) \ , (4.2) 

where gx,xo(t) is given by (14.11) and H^x denotes the projection on w^. In the following we 
focus on the plus sign in (14. 2 p which characterises the future directed lightray. 

To gain a better understanding of this solution, we use the linear independence of the 
vectors x, Ad{v)x, x A Ad{v)x for i; G F \ {1} and characterise the initial translation 
vector h{v)gx,xo{^) — gx,xo{0) in terms of three parameters (Jy,Ty, z/^, e M for each f G F 

h{v)gx,xo{^) - 9x,xo{^) =kd{v)xQ-XQ + a{v) = cry{Ad{v)x-x) + TyX + Uy x A Ad{v)x. (4.3) 

Moreover, we note that the scalar product x ■ Ad{v)x is related to the geodesic distance 
(]A.6|) of X and Ad{v)x in the hyperboloid Hi = If 

X ■ Ad(f )£C = — cosh p{x, Ad(t')a;) =: cosh p^. (4.4) 

This agrees with the length of the geodesic characterised by x and f G F on the quotient 
surface Eg = H^/F = Mf, i. e. on the surface of cosmological time T = 1 of the corresponding 
static spacetime. 

Inserting (14.11) . (14. 3 p and (14.41) into (14.21) . we find that the interval At of eigentime elapsed 
between the emission and reception of the returning lightray associated to f G F is given by 

At{t,v,x,Xo) = (coshp^ - l)(t + ay) - Ty + sinhp^^i/ (t + ay)"^ + u^, (4.5) 

where t is the observer's eigentime at the emission of the lightray, the variables ay, Ty, Vy are 
defined by equation (14.31) and py by (14. 4p . All of the parameters p^,, ay, r^, Vy in (14. 5 p are 
given as functions of the vectors x & Hi, Xq & D, which characterise the observer, and of 
the holonomies h{v) = (Ad(f ), a{v)), G F, which characterise the spacetime. 

Gauge invariance 

Expression (14.50 is invariant under the shift (12.181) of the origin of the observer's eigentime, 
which reflects the redundancy in the parametrisation (14.11) of his worldline. Combining 
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equation fl2.18p and (14.31) . one finds that this timeshift manifests itself as a transformation 
t —>■ t + to, (Tv —>■ <^v — to "^v & r , while the parameters Pv,Ty, z/„ are unaffected. This leaves 
( 14. 5 p invariant. 

Moreover, equation fl4.5p is invariant under global Poincare transformations (12.261) acting 
simultaneously on the points in the domain and on the holonomies. Under such transforma- 
tions, the vectors x & Hi, Xo E D characterising the observer's worldline transform according 
to (12.261) . while all holonomies h{v), v e F are conjugated. Using equations (14. 3p . (14.41) . one 
finds that the parameters p^, a^, t^, in (14.51) are invariant under such transformations for 
all f G r and hence equation (14. 5 p is preserved. 

In particular, this implies that the time intervals are independent of the choice of the lift (14.11) 
of the observer's worldline in the domain D. Considering instead the situation in which the 
lightray is emitted at eigentime t at a geodesic h{u)gx,xo, u eT and received at time t + At at 
h{uvu~^)gx,xo corresponds to a Poincare transformation (12.260 with {vo,ao) = h{u). In that 
sense, the intervals of eigentime elapsed between the emission and reception of a returning 
lightray are diffeomorphism invariant quantities that characterise the spacetime. 

Observers in static spacetimes 

To gain a better understanding of formula (14.50 . we consider the static spacetimes associated 
to a cocompact Fuchsian group F. As discussed in Sect. 12. 2t the group homomorphism (12.130 
then takes the form (I2.22p and the translational components of the holonomies are thus 
characterised by the condition a{v) = (1 — Ad{v))p for a fixed vector p G and all f G F. 
Observers whose worldline extends to the initial singularity and whose time origin coincides 
with the big bang are characterised by the condition Xo = p, where Xq is the initial position 
of the observer in (14. ip . Inserting these conditions into (14.30 . one finds that the parameters 
(T„,rt,,z/„ vanish for all f G F. Hence, for such an observer the eigentime elapsed between 
the emission and reception of a returning lightray is a linear function of the eigentime at 
emission for all returning lightrays 

Atsit,v,x) =t- {e^^ -1) Vt;GF. (4.6) 

Static spacetime are therefore characterised by a linear relationship between the time interval 
At and the eigentime t at the emission of the lightray for observers whose worldline extends 
to the initial singularity. The proportionality coefficient is given by the length p„ of the 
closed geodesic associated with f G F on the static surface Mf = H^/F. 

Observers in evolving spacetimes 

For a general observer in an evolving spacetime, the eigentime At elapsed between the 
emission and reception of a returning lightray is linear in the emission time t if and only if 
the parameter in (14.50 vanishes, i. e. if translation vector (14. 3 p between the two timelike 
geodesies gx,xoy h{y)gx,xo in the domain hes in the plane spanned by x and P\.(i{y)x. The 
discussion in Sect. 12.21 implies that this is the case if the corresponding geodesic on a spatial 
surface Mt either does not cross the strips glued in via the grafting construction or crosses 
these strips orthogonally as depicted in Fig. a. In this case, the direction of the geodesic 
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does not change and its length increases by a constant contribution given by the width of 
the strip, which does not depend on the cosmological time. Hence, the eigentime elapsed 
between the emission and reception of the corresponding returning lightray is modified with 
respect to the associated static spacetime by a constant contribution independent of the 
emission time t. 




Figure 6: Deflection of geodesies at the grafted strips. The upper pictures show geodesies on the 
associated static surface, the lower pictures the corresponding geodesies on the grafted surface. 
Geodesies which cross the grafted strip orthogonally (a) are not deflected, while all other geodesies 
(b) change their direction. 



In contrast, if the light is sent along a geodesic which crosses a strip as shown in Fig. [6]b, the 
direction of this geodesic is changed with respect to the corresponding geodesic on the static 
surface. This deflection of the geodesic depends on the cosmological time T, since the width 
of the strip is constant, while the rest of the surface grows linearly with T as shown in Fig. [51 
The length of this geodesic therefore does not change linearly with the cosmological time. 
The time (14.51) elapsed between the emission and reception of the corresponding returning 
lightray therefore acquires a non-linear dependence on the emission time t. 

However, for all observers in evolving spacetimes, formula (14.51) for the time intervals be- 
tween the emission and reception of a returning lightray approaches the expression for the 
associated static spacetime in the limit t — > cxd 

At{t,v,x,Xo) ^ _ ^ ^ At,{t,v,x) 

t^oo t t ' ^ ' ^ 

The geometrical features which characterise the spacetime near the initial singularity and 
the parameters encoding the observer's initial position thus become redundant in this limit. 

Relation to the Wilson loop observables 

While the dependence of equation (14. 5 p on the initial position of the observer vanishes in the 
limit t oo, the motion of the observer in relation to the spacetime, i. e. his reference frame 
specified by the vector x in (14. ip enters formulas (14.60 . (14.70 through the geodesic distance 
Pt,. With the parametrisation v = exp{n'^Ja) G F via the exponential map (12.40 one obtains 
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from equation fl2.6p 

coshpt, = cosh p(a;, Ad(f)a;) = (cosh|n^| — 1)(1 + (a;n^,)^) + 1. (4.8) 

For fixed f G F, the time elapsed between the emission and reception of a returning hghtray 
in the hmit t — oo is thus minimal for observers characterised by the condition x ■ = 0. 
These are the observers whose momentum vector becomes parallel to the worldline of a 
point on the axis of the group element G F in the limit t oo. For such observers, the 
parameters p„, z/„ are given by the Wilson loop observables fl2.29p 

Py = Uy = Sy/ Sluh TTl^ , (4.9) 

and the general expression (14.51) for time intervals takes the form 

At = (coshm„ — l){t + ay) — + sinhm„-y (t + cr„)^ + si/ sinh^ niy. (4-10) 

The mass observable ruy therefore characterises the time elapsed between the emission and 
reception of the lightray in the limit t — > cxd, while the spin observable Sy characterises the 
non-linearity of the function At{t) near the initial singularity. Note also that (12. 5p and (14. 3 p 
imply that for any observer on the axis of f G F the spin observable Sy does not depend on 
his initial position Xq, which only affects the parameters ay, Ty in (I4.10p . 

We thus find that expression (14. 5 p for the time elapsed between the emission and reception of 
a returning lightray provides a direct and physically intuitive interpretation for the Wilson 
loop observables. They characterise the time elapsed between the emission and reception of 
a returning lightray as measured by observers whose momentum vector becomes parallel to 
the worldline of a point on the associated geodesic in the limit t ^ oo. 



4.2 Angles and directions 
Directions for returning lightrays 

To deepen our understanding of the relation between spacetime geometry and the physical 
observables of the theory, we now consider the directions into which an observer needs to 
emit light in order to obtain returning lightrays and determine the angles between them. 

As in the previous subsection, we consider an observer who emits a lightray at eigentime t 
which returns to him at time t + At. The direction into which this lightray is emitted in 
the momentum rest frame of the observer is characterised by a spacelike unit vector Py{t) 
which is given as the projection of the vector characterising the lightray on the orthogonal 
complement of the observer's momentum vector 

p ^^-^ _ ^x^ {.h{v)9x,xo{t + At) - gx,xo{t)) 

Using formulas ( 12. ip . ( 14. 5p and (14. 3p . we obtain 

„ , , , , , n^±(Ad(f)a;) . , , a; A Ad (f) a; /. 
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where is given by (14.41) . a^^ Vv by (14.31) and 

tanv9„(t) = f^it) = {t + cT„)(coshp^ + 1) + sinhp^v^(t + a^y + v^. (4.13) 

As expected, the angles (I4.13P are invariant under shifts (I2.18P of the observer's time origin, 
which do not affect the parameters p^,, r^,, and transform the variables t, according 
to t ^ t + to; <7t) — ^ — to for all f G F. Moreover, they are invariant under the global 
Poincare transformations (12.261) acting simultaneously on the parameters x & Hi,Xq & D, 
which characterise the observer's wordline, and on all holonomies . As equations (12.261) . (14. 3p . 
(14. 4p imply that the parameters py, and z/^ are invariant under such transformations, the 
deflection angles (I4.13P are preserved and the direction vectors (I4.12p transform covariantly. 

Geometrical interpretation 

As discussed in the previous subsection, an observer in a static spacetime whose worldline 
extends to the initial singularity is characterised by the condition = = = for all 
w G r. Hence, for such an observer the angle ( 14.13P vanishes for all values of the emission 
time t. The direction in which the lightray needs to be sent in order to return therefore is 
constant and coincides with the direction of the associated closed, spacelike geodesic. 

For a general observer in an evolving spacetime, this direction is approached in the limit 
where the eigentime tends to infinity lim^^oo y^vit) = 0. Hence, a general observer finds that 
the directions into which light needs to be sent in order to return depend on the emission time 
but become constant in the limit t ^ oo, where they approach the ones for the associated 
static spacetime. 

The time dependence of the emission angle (I4.13P is due to the the deflection of geodesies on 
the constant cosmological time surfaces Mt at the grafted strips, which is depicted in Fig. [61 
As explained in the previous subsection, the direction of the geodesic changes with respect to 
the associated geodesic on the static surface if and only if it crosses strips non-orthogonally 
as depicted in Fig. [H]b. This deflection vanishes in the limit T oo, as the width of the 
strips is constant but the rest of the surface is rescaled with a factor T. If the geodesic 
associated with f G F does not cross any strips or crosses them orthogonally as in Fig. [6] a, 
the parameter Uy in (14.130 vanishes and its direction coincides with the one of the associated 
geodesic in the static surface for all values of the emission time t. 

Angles between returning lightrays 

Although the deflection angles (14.130 can in principle be measured by an observer, the 
comparison of directions with the directions approached in the limit t ^ cxo is impractical. 
We therefore consider the angle $„^^(t) between two returning lightrays, both emitted at 
time t and associated with group elements v,w eT. Using equations (14.120 and (I4.13p . we 
find that this angle is given as a sum of two contributions 

cos $„,^(t) = py{t) ■ pjt) = $^,^(00) + ^y,^it). (4.14) 

The angle $„^^(oo), obtained in the limit t ^ 00, coincides with the one measured by an 
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observer in the associated static spacetime whose worldhne extends to the initial singularity 



^v,w{oo) = lim ^v,wit) = arctan 



( 



X ■ {Ad{v)x A Ad{w)x) 



) 



(4.15) 



The angle '^v,w is time-dependent and vanishes in the limit t ^ oo. It is given by 



'^v,w(t) = arctan 



I'vl'w + fv{t)fw{t) 



) 



(4.16) 



where the functions are defined as in (14.131) . the parameters p^,, pw are given by 

(14. 4p and a^^aw^Vv^J-'w by (14.31) . This angle describes the deflection of the two associated 
geodesies on the constant cosmological time surfaces Mt at the strips glued in via the grafting 
construction and therefore varies non-trivially with the emission time t. 

Relation to the Wilson loop observables 

For an observer whose momentum vector becomes parallel to the worldline of a point on the 
axis of the group element f G F in the limit t ^ oo, the parameters are given by (14. 9p . 

Expression (14.131) for the deflection angle and formulas (I4.14p and (14.150 . (14.161) for the angles 
between the direction of returning lightrays are therefore again given as functions of the two 
fundamental Wilson loop observables associated with f G F. The mass observables 
characterise the measurements of the directions and angles for t ^ oo. The spin observables 
Sv determine these measurements near the initial singularity of the spacetime. 

As in the case of the time elapsed between the emission and reception of a returning lightray, 
we thus flnd that the quantities measured by an observer - the directions into which the light 
needs to be emitted to return and the angles between those directions - are given by gauge 
invariant functions on the phase space and directly related to the physical observables of 
the theory. The mass and spin observables (12.290 arise naturally in the measurements of an 
observer whose momentum vector becomes parallel to the wordline of a point on the axis of 
f G F in the limit t oo. 

4.3 Redshift 

It is well-known that expanding cosmological solutions of the Einstein equations in (3+1) 
dimensions are associated with a redshift which serves as the basis for many cosmological 
measurements. As the (2+l)-dimensional vacuum spacetimes considered in this paper have 
similar geometrical properties and also expand with the cosmological time, it is natural to 
ask if such a redshift is also present in these spacetimes. 

To determine if redshift s occur and to derive an explicit expression in terms of the physical 
observables, we again focus an observer in free fall in the spacetime who emits a lightray 
at eigentime t which returns to him at eigentime t + At. As explained in the previous 
subsections, this corresponds to a lightray in the regular domain D C which is emitted 
at a future directed timelike geodesic at time t and received at one of the geodesic's images 
under the action of F at time t + At. 
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Using this description in terms of geodesies in the regular domain, the relative frequencies of 
the emitted and returning lightray can be calculated straightforwardly using the relativistic 
Doppler effect. For this, we consider two observers in Minkowski space with worldlines 
gi{t) = Zit+p^, = —1, Pi G M.^,i = 1,2. The relative frequencies of a lightray characterised 
by a vector v G M'^, i;^ = 0, in the reference frames of these observers are 

^ = ii^. (4.17) 

In our situation, the two observers are replaced by two future oriented timelike geodesies in 
the regular domain, a geodesic gx,xo, which lifts the worldline of the observer, and its image 
h{v)gx,xo under the action of an element f G F, both parametrised as in (14.11) . A lightray 
emitted by the observer at time t and returning to him at time t + At is characterised by 
the lightlike vector v = h{v)gx^xoii + ^i) — 9x,xoif) with At given by (14.51) . Hence, we have 
zi = X, Z2 = Ad(f)a;, and using the parametrisation (14. 3 p we obtain 

V ={t + a^){Ad{v)x -x) + {At + T^)Ad{v)x + v^x A M{v)x. (4.18) 

Inserting this expression together with (14. 5 p into (I4.17P and denoting by /e and /r, respec- 
tively, the frequencies of the emitted and the returning lightray as measured by the observer, 
we obtain an expression for the relative shift in frequency 



fT„)2 + Z/2 



Je cosh. py^J{t + cr^)2 + 1^1 + sinhp^(t + a^) 

where is given by (14.40 and the parameters a^, by (14. 3p . Note that this frequency shift 
is again a physical observable in the sense that it is invariant under the time shift (12.181) and 
under the global Poincare transformations (I2.26p . which act simultaneously on the observer's 
reference frame and on the holonomies. 

Observers in static spacetimes 

For an observer in a static spacetime whose worldline extends to the initial singularity, we 
have Vy = Q for all f G F, and the frequency shift (I4.19P takes the form 

/;//e =e-''^ (4.20) 

Such an observer therefore measures a constant redshift which does not depend on the emis- 
sion time. This redshift increases exponentially with the length of the associated geodesic 
on the static constant cosmological time surface = H^/F. 

Observers in evolving spacetimes 

For a general observer in an evolving spacetime the function fr/fe{t) in (I4.19P decreases 
monotonically and approaches the value for the corresponding static spacetime for t — oo 

hm fr/m = e-"^ = f:/f:. (4.21) 

t— >oo 
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Hence, the redshift is maximal in the hmit t — > oo and minimal near the initial singularity. 
This raises the question if blueshifts can occur for observers near the initial singularity of an 
evolving spacetime. To demonstrate that this is not the case, we consider an observer whose 
worldline extends to the initial singularity of an evolving spacetime and for whom the big 
bang coincides with the time origin t = 0. As the function fr/fe{t) decreases monotonically, 
it is maximal for t = 0, where it takes the value 

/r//e(0) = y^ + ^'v (4 22) 

cosh p„ a/ct^ + z/2 + (Tt, sinh py 
Hence, a blueshift at t = would occur if and only if 

ay<- tanh(ip,) + z/2 < 0. (4.23) 

However, the grafting construction of evolving spacetimes summarised in Sect. 12.21 implies 

k 

h{v)gx,xoiO) - gx,xoiO) = ay{Ad{v)x - x) + Ty Ad{v)x + UyX A Ad{v)x = ^ Xiht, (4.24) 

i=l 

where hi are the spacelike unit normal vectors of the grafting geodesies in which intersect 
the geodesic segment from x to Ad{v)x and the parameters Aj G the associated weights. 
As explained in the paragraph after equation fl2.24p . the grafting construction requires that 
the unit normal vectors hi of the grafting geodesies are oriented in such a way that 

Ad{v)x- hi >0 x-hi<0 \/i = l,...,k. (4.25) 

Inserting this condition into fl4.24p and using the identity (14. 4p for p^, we find 

k k 

cr^(l — cosh py)—Ty cosh Py = XiX ■ hi <0 cr^(cosh py — l)—Ty = \iAd{v)x ■ hi > 0. 

i=l i=l 

Combining these conditions yields ay sinh^ py > 0, which contradicts (I4.23p . Hence, blueshifts 
cannot occur even near the initial singularity of evolving spacetimes. 

Relation to the Wilson loop observables 

Formula 04.190 provides a simple expression for the redshift in terms of the I SOq (2,1)- 
valued holonomies along the elements of the fundamental group 7ri(M) = F, the parameters 
specifying the observer's worldline and of the observer's eigentime at the emission of the 
lightray. As in the previous examples, one finds that Wilson loop observables arise naturally 
in this description. For observers whose momentum vector becomes parallel to the worldline 
of a point on the axis of an element f e F in the limit t ^ oo, the parameters py, Uy are given 
by (14.90 . For such an observer, formula (I4.19P thus establishes a direct relation between the 
redshift and the two fundamental Wilson loop observables associated to f G F, the mass rriy 
and the spin Sy which characterise, respectively, the redshift in the limit t — * oo and the 
redshift near the initial singularity of the spacetime. 
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We thus find that all of the three measurements considered in this section - the time intervals 
(14. 5p elapsed between the emission and reception of a returning lightray, the directions (14.121) 
in which the light is sent to return and the angles fl4.14p between these directions as well as the 
redshift f l4.19l) - are given explicitly as functions of the holonomy variables characterising the 
spacetime, of the observer's eigentime at the emission of the lightray and of the parameters 
which characterise his initial position and momentum. 

Moreover, the expressions for these functions are simple and have a direct geometrical in- 
terpretation. They are related to the lengths of closed spacelike geodesies in the static 
spacetimes associated with T and to the deflection of the corresponding geodesies on the 
grafted strips in the evolving spacetimes. In all cases, the two canonical Wilson loop ob- 
servables associated with v & T characterise the measurements of a special set of observers 
- those whose momentum vector becomes parallel to the worldline of a point on the axis of 
V eT in the limit t oo. 

5 Phase space, time and geometry 

We are now ready to address the conceptual questions associated with the measurements 
considered in the previous section. In this section, we clarify the relation between these 
measurements and the physical phase space of the theory and demonstrate that specifying 
an observer with respect to the spacetime's geometry amounts to a gauge fixing procedure. 
We discuss the role of time in these measurements and show how the observer can use them 
to reconstruct the full geometry of the spacetime. 

5.1 Gauge fixing, observables and the role of time 

As shown in Sect. IH all of the quantities under consideration, the time intervals (14.51) between 
the emission and reception of a returning lightray, the deflection angles (I4.13p . the angles 
(I4.14P between the directions associated with returning lightrays and the redshift (14.191) are 
invariant under the global Poincare transformations (I2.26P which act simultaneously on the 
domain D C M'^, on the geodesies in D which characterise the observer's worldline and on 
the holonomies. In particular, this implies that the measurements are invariant under a shift 
(I2.18P of the observer's time origin which reflects the redundancy in the parametrisation of 
his worldline. In that sense, the measurements are fully gauge invariant. 

However, these measurements are not given as functions on the physical phase space (12.270 
of the theory, which is parametrised by the holonomies modulo simultaneous conjugation. 
Without the specification of an observer, they are functions on the extended phase space 
Homo(7ri(M), IS0q{2, 1)), i. e. of the holonomies along a set of generators of the fundamental 
group, which depend on additional parameters, the observer's eigentime t and the vectors 
X E Hi, Xq E D which parametrise the observer's worldline. They are invariant under a 
Poincare transformation which acts simultaneously on the holonomies and of the vectors 
X E Hi,Xq E D, but not under Poincare transformations acting only on the holonomies. 
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However, as demonstrated in the previous section, measurements associated with specific 
observers can be expressed in terms of the variables that parametrise the physical phase 
space of the theory. For observers whose momentum vector becomes parallel to the worldline 
of a point on the axis of w G F in the limit t — > oo, the measurements (14.51) . (14.131) . (14.141) 
and (I4.19P are given as functions of the eigentime and of the two fundamental Wilson loop 
observables (I2.28p . (I2.29P associated with t> g F = 7ri(M). This reflects a general pattern: 
in order to obtain functions on the physical phase space, one needs to specify the worldline 
of the observer by relating it to the holonomies. 



5.1.1 Specification of observers and gauge fixing 

As the spacetimes do not contain any matter or distinguished reference frames at spatial 
infinity, the only physically meaningful way of specifying an observer is with respect to the 
geometry of the spacetime itself. As this geometry is given uniquely by the holonomies h{v), 
f G F in (12.131) . this amounts to relating the vectors x E M."^ , Xq E D parametrising the 
observer's worldline to the holonomies h{v). 

To specify the vector a; G which determines the observer's reference frame via (12.171) . we 
need to select two elements of the Fuchsian group v = exp(n"Ja), w = exp(n^Ja) G F \ {1} 
with respect to which we fix the observer's velocity vector x. For instance, one can choose 
the generators fa^, Vb^ in a fixed presentation (I2.12p of F which correspond to the a- and 
6-cycles of the first handle. Alternatively, one could select elements of F whose traces are 
minimal, which amounts to selecting the two shortest geodesies on each static surface of 
constant cosmological time - if necessary specified uniquely by further conditions. 

As explained in the appendix, the vectors n^, that parametrise these group elements via 
the exponential map each define a unique geodesic in hyperbolic space Hi = Ml, the axes 
of V, w E F. The axes of v,w E T intersect if and only if the wedge product A is 
timelike. In that case their intersection point is given by the timelike unit vector 

X = ^ E Hi. (5.1) 

a/1 - (n^n^)2 

Otherwise, there is a unique point on the axis of v whose geodesic distance from the axis of 
w is minimal. It is given by the timelike unit vector 

X = — -^^^=^^=- E Hi. (5.2) 

Identifying the vector a; G H^, which defines the reference frame of the observer, with these 
vectors thus amounts to fixing his direction of motion with respect to the geometry of the 
spacetime. It selects an observer whose momentum vector in the limit t ^ oo becomes 
parallel to either the worldline of the intersection point of the axes of f , w G F or of the 
point on the axis of f G F whose geodesic distance from the axis of w G F is minimal. 
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To eliminate the remaining freedom in the choice of the observer, we need to specify the 
vector ccq € -D which gives the observer's position at eigentime t = 0. One possibihty is 
to fix this initial position in such a way that the observer's eigentime coincides with the 
cosmological time. This amounts to selecting a point p e D in the regular domain for which 
the value of the Gauss map in fl2.1ip coincides with the vector x fixed via (15. ip or (15. 2p . 
N{p) = X, and letting the initial position vector coincide with the retraction map Xo = r{p). 
(In the case where the point p lies on a strip glued in via the grafting construction one also 
needs to fix its distance from the edges of the strip.) This is a well-defined prescription, but 
its relation to the holonomy variables is complicated and implicit. 

We therefore choose a different prescription and specify the initial position of the observer 
with respect to the translation components of the holonomies h{v), h{w). From (12. 6p and 
(14. 3 p it follows that for any v = exp(n"Ja) G F it is possible to fix asg G -D in such a way that 

h{v)gcc,xo{^) - 9x,xo{0) = o^v nv G M. (5.3) 

The residual freedom in the choice of the vector Xq consists of translations in the direction of 
n„, which can be fixed by requiring that the parameter t^j vanishes for some w = exp(n^ J^) G 
F \ {1} chosen such that linearly independent. 

Hence, the observer can be specified uniquely via the following prescription: one selects two 
non-trivial elements in the fundamental group A,^ G vri(M) and fixes the observer's velocity 
vector X according to (15. ip if the axes of the associated elements wa, G F intersect and 
according to (15. 2p otherwise. One then fixes the observer's initial position Xq by imposing 
the condition (15.30 for A and the additional condition = 0. Note that such a choice for 
Xq can imply that Xq now lies outside of the domain D G M'^. However, in that case there 
still exists a time to G 1^ such that gx,xo{'t) E D Wt > to. The situation therefore corresponds 
to an observer who has chosen the origin of his eigentime prior to the eigentime at which it 
came into existence. It can be remedied via a shift (I2.18P of the observer's time origin. 

With this specification of the observer, the parameters py, a^,, t^, in formulas (14.50 . (I4.13p . 
(I4.19P for, respectively, the elapsed time, the angles and the redshift are given as conjugation 
invariant functions of the holonomies of a set of generators of the fundamental group tti (M) 
and hence as functions of the physical observables. This provides an explicit expression for 
the eigentime (14. 5 p elapsed between the emission and reception of a returning lightray, for 
the angles (I4.14p between the directions in which the light is sent in order to return and for 
the redshift (14.190 as functions of the physical phase space and of the observer's eigentime t 
at the emission for all returning lightrays. 

It is important to distinguish the quantities (14.51) . (I4.13p . (14.190 . which depend on the ob- 
server's worldline and are functions on the extended phase space Homo(7ri(M), IS0q{2, 1)), 
from their gauge fixed counterparts on the physical phase space (I2.27p . for which the ob- 
server is specified with respect to the geometry of the spacetime. While the former constitute 
partial observables in the terminology of Rovelli [18] , the latter are Dirac observables on the 
physical phase space. The distinction between the two quantities has important consequences 
for the associated quantum theory. 
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As shown in [26], the spectra of the quantum operators associated to partial and Dirac ob- 
servables can differ fundamentally, which implies that one needs to be careful when deciding 
which of these operators should be interpreted as a physical measurement. However, the 
examples studied in [2B] have been criticised as artificial • The measurements considered 
in this paper would allow one to investigate this issue for physically meaningful quantities 
with a clear interpretation. By considering the associated operators in the quantum theory, 
one would obtain a framework in which the spectra of partial and complete observables could 
be investigated and interpreted in a relevant model of quantum gravity. 

5.1.2 The role of time 

From the discussion in the preceding sections it follows that the observer's eigentime t enters 
the theory as additional parameter which itself is neither a function on the physical phase 
space nor a parameter with respect to which the physical states evolve. Rather, it establishes 
a relation between time-dependent quantities that can be measured by an observer and points 
in the physical phase space that characterise the geometry of the spacetime. 

This role of the eigentime and observers in (2+l)-dimensional vacuum spacetimes provides an 
example of Rovelli's concepts of partial and complete observables ^18] and evolving constants 
of motion [191 120]. All of the quantities under consideration, the eigentime (14. 5 p elapsed 
between the emission and reception of a returning lightray, the angles fl4.13p . (14.141) and the 
redshift f l4.19p are physical observables insofar as they can be measured by an observer. 

However, neither of them is a function on the physical phase space. The Dirac observables 
which are functions on the physical phase space fl2.27p are the relations between these quan- 
tities and the observer's eigentime t at which the lightray is emitted, i. e. expressions (14. 5p . 
f l4.13p . fl4.14p and fl4.19p for these quantities as functions of the emission time. Alternatively, 
one can consider the time intervals (14. 5p . the angles (I4.14p and the redshift (I4.19P for a fixed 
value of the emission time. 

The eigentime t itself is not a function on phase space. To obtain a Dirac observable corre- 
sponding to a time interval, one needs to specify this time with respect to two events in the 
spacetime. For instance, one can consider the eigentime elapsed between two measurements 
of the return time (14. 5p . the angles (I4.13p . (I4.14p or the redshift (I4.19P which yield fixed 
values Ci,C2. This amounts to setting the left hand side of equations (14. 5p . (I4.13p . (I4.14|) or 
(I4.19P equal to the constants Ci, C2 and solving them for the eigentime t. After subtracting 
the resulting values for t, one then obtains a function on the physical phase space (I2.27p . 
which involves the constants ci,C2 as parameters. 

Another possibility is to consider a fixed eigentime t and to compare two measurements for 
returning lightrays associated with different geodesies. An example is the time At^a elapsed 
between the emission and reception of a returning lightray sent in the direction corresponding 
to a geodesic A2 under the condition that the time At^i elapsed between the emission and 
reception of a returning lightray sent along another geodesic Ai has a fixed value At^i = c. 
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This amounts to solving the condition AtAi {t) = c given by equation (14.51) for the emission 
time t and substituting this value for t back into the corresponding equation for A2. One 
obtains a function that depends on the physical observables and expresses the return time 
for one lightray clS db function of the other. 

Alternatively, one can express the value of one measurement associated with a given returning 
lightray as a function of another. For instance, solving equation (14.131) for t and substituting 
this value into (14. 5 p yields an expression for the eigentime elapsed between the emission and 
reception of a returning lightray in terms of the deflection angle 

At{^y) = f tanh f ^cotVf + 4cosh2 f^. (5.4) 

This expression becomes ill-defined for — > 0, which is the case for t ^ 00 in evolving 
spacetimes and for all values of t in the static spacetimes. In these cases, the angle ip^ 
becomes independent of the emission time and takes the same value for all lightrays. It 
therefore does no longer encode the information necessary for determining the time elapsed 
between the emission and reception of returning lightrays. 

In all cases, one finds that the physical measurements are relational observables. In other 
words, the holonomy variables and Wilson loops which parametrise the physical phase space 
of the theory do not directly determine the measurements of the observer. Rather, they 
determine the relation between different measurements and allow him to express one mea- 
surable quantity as a function of another. 

This has direct implications for the investigation of conceptual questions of quantum gravity 
in the quantised theory. To determine if the spectra of physical operators corresponding to 
measurements by observers are discrete or continuous, one needs to take into account that 
physical observables and hence the associated operators on the Hilbert spaces of quantum 
theory only encode the relation between such measurements and not the measurements 
themselves. It is therefore meaningless to ask, for instance, if time is discrete or continuous 
near the Planck scale. Rather, one should ask questions such as "Is the eigentime elapsed 
between emission and reception of lightray measured by a specific observer characterised in 
terms of the geometry of the spacetime discrete or continuous as a function of other variables 
measured by this observer?" Moreover, the measurements under consideration need to be 
chosen carefully, as naive choices such as (15.41) diverge already on the classical level. 

5.2 Reconstruction of the holonomies from the measurements of an observer 

In the previous sections we derived explicit expressions for the measurements by an observer 
in terms of the fundamental variables which parametrise the phase space of the theory. This 
raises the question if and how such an observer can use these measurements to determine 
the physical state of the system. 

As the physical phase space (12.271) is parametrised by the holonomies along the elements of 
the fundamental group tti{M) = T modulo simultaneous conjugation (I2.26p . this amounts to 
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reconstructing these holonomies from the measurements of the time intervals (14. 5p . the direc- 
tions and angles (I4.12p . fl4.13p . fl4.14p and the redshift (14.190 . Moreover, this reconstruction 
of the geometry needs to take into account that beyond such measurements, the observer 
has no means of determining his initial position and his reference frame. As discussed in 
the previous subsection, specifying the observer's reference frame is physically meaningful 
only with respect to the geometry of the spacetime to be determined through these mea- 
surements. Hence, we have to assume in the following that the observer is ignorant of the 
vectors x & Hi, Xq E D which characterise his worldline via (14.11) . 

We start by considering the Lorentzian components of the holonomies (12.131) . To find an 
explicit prescription that allows the observer to reconstruct these quantities from his mea- 
surements, we consider formulas (14. 5 p for the time intervals elapsed between the emission 
and reception of a returning lightray and formula (I4.12p for the directions in the limit t — oo 



where is the projection on the orthogonal complement of the observers momentum 

vector. The parameter is the geodesic distance between x and Ad{v)x in Hi and corre- 
sponds to the length of the closed geodesic associated with w e F on the static spatial surface 

Ml = MVr. 

After an arbitrary choice of a vector x E Hi, these formulas allow the observer to determine 
both the directions of the geodesic from x to all images Ad{v)x in Hi and the distance of 
these images from x. Hence, after selecting an arbitrary vector x E Hi, the observer can 
reconstruct all of its images Ad{v)x G Hi under the action of the cocompact Fuchsian group 
r. This allows the observer to reconstruct the Dirichlet region of F and to obtain an explicit 
set of generators for F as follows. 

As explained in the appendix, the Dirichlet region BJj~,{x) is obtained as the set of points 
in Hi whose geodesic distance from x is less than or equal to their geodesic distance from 
all images Ad{v)x, v E T. The observer can thus reconstruct the Dirichlet region R}^{x) 
by considering all perpendicular bisectors of the geodesic segments joining x and Ad{v)x in 
Hi and intersecting the associated half-hyperboloids of points that lie on the same side of 
these bisectors as x. The result is a 2/c-gon R^{x), k > 2g, in which all of the 2k sides are 
geodesic arcs and the sides are identified pairwise by certain elements vi, . . . ,Vk E T. These 
group elements form a set of generator^ of F. 

By considering the time intervals (14. 5 p between the emission and reception of a returning 
lightray and the directions (I4.12p in the limit t — > cxd and for all returning lightrays, the 
observer can thus reconstruct the cocompact Fuchsian group F as well as a presentation 
in terms of a set of generators and relations. This amounts to determining the Lorentzian 
component of the holonomies which characterise the geometry of the associated static space- 
time approached in the limit T ^ oo. These measurements thus allow the observer to fully 
reconstruct the geometry of the spacetime for T — > oo. 

^Note that this set of generators is not necessarily of the form (|2.12|) . 



lim —At{t, V, X, xq) = e 
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(5.5) 
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Note that the choice of the basepoint in this construction does not affect the result. A 
different choice of basepoint yields a set of generators that is related to the original set by 
global conjugation with an element vq G S0q{2,1) = PSU(1,1). This corresponds to a 
global Lorentz transformation acting on the domain D C M'^ and the holonomies according 
to (12.261) and is a gauge symmetry. In other words, the observer does not need to know 
its direction of motion relative to the geometry of the spacetime in order to reconstruct the 
static spacetime approached in the limit T oo. 

To determine the translational component of the holonomies f l2.13p up to global conjugation, 
the observer needs to measure the parameters c^,, r„, z/^ in (14.31) for all f G F and then insert 
the value of his chosen basepoint x and the group elements v E T into (14. 3p . This can be 
done, for instance, by considering how the directions into which the light needs to be emitted 
to return to the observer change with time. Formula (I4.13P for the deflection angle allows 
the observer to determine the parameter Uy 

d _)_ X 
lim — cot t>, a;, a^o) = Vf G F. (5.6) 

t^OO at Uy 

Knowing the values of the parameters py and Vy for all elements f G F, the observer can then 
reconstruct the quantity {t + cr„) by considering for instance, the frequency shift (I4.19p . His 
measurements of the time intervals (14. 5 p between the emission and reception of the returning 
lightrays allow him then to reconstruct the parameters Ty for all G F. 

Note that it is not possible for the observer to reconstruct the parameters cTy from his 
measurements unless he knows the origin of his eigentime. This reflects the invariance 
under the shift (12.180 of the observer's time origin which is due to the redundancy in the 
parametrisation (14.10 of his worldline. It corresponds to a global Poincare transformation 
(I2.26P with (fo, Oo) = (l? ^o^)? under which the parameters ay transform as ay ay — to for 
all V G F. Hence, the observer needs to specify an origin for his eigentime by selecting an 
arbitrary value for the parameter ay for one of the group elements v G F \ {1}. Observers 
who make different choices for these parameters obtain holonomies which differ by a global 
Poincare transformation (I2.26P which reflects the gauge freedom of the theory. 

Together, the two steps of the construction allow the observer (assumed to be ignorant of 
the parameters characterising his own worldline) to determine the holonomies (12.131) up to 
global conjugation. As these holonomies parametrise the physical phase space (I2.27P of the 
theory and determine the geometry of the spacetime uniquely, we have thus demonstrated 
that a general observer in an evolving spacetime can reconstruct the full geometry of the 
spacetime from physical measurements analogous to gravitational lensing. Moreover, the 
results in this subsection provide an explicit algorithm for doing so. 

6 Outlook and conclusions 

In this paper we addressed the problem of relating the gauge and diffeomorphism invariant 
observables that parametrise the phase space of (2+l)-dimensional gravity to realistic phys- 
ical measurements. By considering an observer who probes the geometry of the spacetime 
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by emitting returning lightrays, we identified several quantities that are directly related to 
the observables of the theory and have a clear physical interpretation: the eigentime elapsed 
between the emission and reception of a returning lightray, the directions into which the 
light needs to be sent in order to return to the observer as well as the angles between them 
and the frequency shift between the emitted and the returning lightray. 

We derived explicit expressions for these measurements in terms of the variables that paramet- 
rise the physical phase space of the theory and are the fundamental building blocks in its 
quantisation, the holonomies and Wilson loop observables. More specifically, we found that 
the measurements performed by observers are given as functions of the holonomies, the 
observer's eigentime at the emission of the lightray and of additional parameters that char- 
acterise the observer's worldline. We demonstrated that specifying an observer with respect 
to the geometry of the spacetime amounts to a gauge fixing prescription and that the associ- 
ated measurements are Dirac observables, functions on the physical phase space that depend 
on the emission time as an additional parameter. 

We discussed the physical interpretation of these measurements and analysed how they en- 
code the geometry of the spacetime. This gave rise to an explicit prescription that allows 
an observer to reconstruct the values of the physical observables and hence the physical 
state of the system from the results of his measurements. In particular, we showed that 
the fundamental gauge and diffeomorphism invariant observables of the theory, the Wilson 
loops associated with closed curves in the spacetime, arise naturally as parameters in the 
measurements of a special set of observers. They are associated with observers whose mo- 
mentum three-vector is parallel to the worldline of points on the associated geodesic in the 
limit where the cosmological time and the eigentime tend to infinity. 

Our results thus provide a set of observables with a clear physical interpretation that are 
directly related to realistic physical measurements performed by observers in a spacetime. 
They also shed light on several conceptual questions of quantum gravity that manifest them- 
selves in the description. In particular, they serve as a concrete example which allows one 
to investigate the role of time in the theory and the relation between partial and complete 
observables. 

This offers the prospect of defining and investigating the associated operators in the quantised 
theory. The results of Sect. [Hand Sect. [5] could be adapted in a straightforward manner to 
a formulation of the theory based on graphs or spin network functions. They also could be 
generalised to vacuum spacetimes in Lorentzian (2-|-l)-gravity with a non-trivial cosmological 
constant, although the calculations will be more involved and additional complications can 
be expected for the de Sitter cas^. 

The application of the results to the quantised theory would allow one to investigate funda- 
mental questions of quantum gravity in a concrete and well-defined example. In particular, 
it could be used to investigate the role of time in the quantum theory and to address ques- 

^In that case the holonomies (modulo global conjugation) do not determine the geometry of the spacetime 
uniquely [51l28j. Rather, there is an infinite discrete set of spacetimes for each value of the holonomy variables. 
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tions about the spectra of physical operators, which have been subject to much debate in 
the quantum gravity community [26l [27] . 

Finally, the results of this paper might also be relevant to cosmological applications of 
quantum gravity in (3+1) dimensions. The measurements investigated in this paper are 
similar to those in gravitational lensing and the description could easily be generalised to 
include external sources. Moreover, the spacetimes considered in this paper have realistic 
physical properties such as initial singularities and expansion with the cosmological time 
and share many features with the Bianchi spacetimes studied extensively in (loop) quantum 
cosmology. It therefore seems plausible that the results of this paper would have counterparts 
and analogies in that context. 
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A Hyperbolic geometry and Fuchsian groups 

In this appendix we summarise some notions from two-dimensional hyperbolic geometry 
and the theory of Fuchsian groups required for the understanding of this paper. For a more 
thorough treatment of hyperbolic geometry and Riemann surfaces we refer the reader to the 
books by Benedetti and Petronio [29] and by Farkas and Kra [30]. An accessible introduction 
to the theory of Fuchsian groups is given in the book [3T] by Katok. 

A.l Two-dimensional hyperbolic geometry 
Poincare disc and hyperboloid model 

Two-dimensional hyperbolic geometry is concerned with the geometry of two-dimensional 
hyperbolic space H^, which can be realised either as the Poincare disc, the upper half- 
plane or a hyperboloid in Minkowski space. In this appendix, we focus on the disc and the 
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hyperboloid model. The Poincare disc model is given by 

D = {z^<C\\z\^ <\\ gn = (i_|^|2)2 - (^-1) 

The hyperboloid model is the unit hyperboloid in Minkowski space M'^ with the metric 
induced by the Minkowski metric 

= {a; G I = -1, x° > 0} gu^ = tiIh,- (A.2) 

The two models are isometric, with the identification of a point ) G Hi and a 

point z = zi + iz2 on the Poincare disc given by 

X + ix n 1 + 1 
z = ——^ a;° = - ^ x' + ix^ = - —. A.3 

1 + x" I — \z^\ 1 — |2;|^ 

Geodesies 

Geodesies of the Poincare disc are straight lines through the origin and circles which intersect 
its boundary dD = {z & C : \z\ = 1} orthogonally. They are characterised by the equations 

2Re{zw) = |zp + 1 = 2Re{zw), (A.4) 

where w is, respectively, a vector orthogonal to the line or the centre of the circle. For any 
two points p,q G D there is a unique geodesic Cp^q : [0, 1] — >• D with |c| = 1, c(0) = p and 
c(l) = q. This geodesic has a unique perpendicular bisector c^^ given by ( 1A.4P with 



(1 - bn 












2_|p|2 



The geodesic distance of two points w,z & D is defined as the infimum of the lengths of 
piecewise smooth curves connecting w and z 



p{z,w) 



inf{/(c) I c : [0, 1] ^ D, c(0) = z, c(l) = w} /(c) = / Vdoic, c)dt. (A.6) 

Jo 

It is the length of the (unique) geodesic connecting w and z and is given by 

,inhg^^ „ I;-"! , „„ . (A.7) 



2 

The perpendicular bisector (]A.5I) is the set of points equidistant from the two points p,q E D 

ciq = {zeD\p{z,p) = p{z,q)}. (A.8) 

In the hyperboloid model, geodesies are given as the intersections of the hyperboloid Hi and 
planes through the origin with spacelike normal vectors n as shown in Fig. H] a) 

= {a; G I a? ■ n = 0} > 0. (A.9) 

The unique geodesic through two points x,y ^ Hi is the intersection of Hi with the plane 
with normal vector x A y. Using formula flA.31) for the identification of the disc with the 
hyperboloid, one finds that the geodesic distance flA.6P of two points x,y ^ Hi is given by 



cosh p{x,y) = —X ■ y. (A. 10) 
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Isometries 



The isometry group of two-dimensional hyperbolic space is the group 

PSU{1, 1) = SU{1, 1)/Z2 = PSL{2, R) = SL{2, M)/Z2 = S0{2, 1)+ (A.ll) 
Its action on the Poincare disc D is given by its SU{1, 1) representation 

f " \a\^-\c\' = l : (A.12) 

\ c a J cz + a 

As this action on the Poincare disc is invariant under v —v, it induces an action of 
PSU{1, 1) = SU{1, 1)7^2 on D. Elements of SU{1, 1) are called hyperbolic, parabolic and 
elliptic, respectively, if |tr(t>)| > 2, |tr(f)| = 2, |tr(t>)| < 2. Hyperbohc elements have two 
fixed points on dD, parabolic elements a single fixed point in dD and elliptic elements a 
single fixed point in D. 

The axis of a hyperbolic element v G PSU{1, 1) is the unique geodesic through its two fixed 
points and is mapped to itself by the action of v in (]A.12p . It is given by the equation 

Im(a)(l + I^H = 2Im(cz). (A.13) 

In the hyperboloid model, the isometry group PSU{1, 1) = 5*0(2, 1)q acts via its 5*0(2, 1)- 
representation which agrees with its adjoint representation on su(l, 1) = so(2, 1) = R'^ given 
by (12.51) . Using the parametrisation (12.61) in terms of a vector n G via the exponential 
map, one finds that elements are hyperbolic, parabolic and elliptic, respectively, if > 
(spacelike), = (lightlike) and < (timelike). The axis of a hyperbolic element 
parametrised as in (12.61) is the intersection of the hyperboloid Ht with the plane n^. 



A. 2 Cocompact Fuchsian groups 

A Fuchsian group is a discrete subgroup of PSU{1,1) = PSL{2,R) ^ S0(2, 1)+. A co- 
compact Fuchsian group of genus g is a. Fuchsian group P such that the quotient H^/P is a 
compact orientable surface of genus g. It has a presentation in terms of 2g generators and a 
defining relation 

P = (ai, 6i, . . . , ag, bg G PSUil, 1) | [b^, a^'] ■ ■ ■ [bi, a^'] = 1), (A.14) 

where [u, v] = uvu^^v^^ is the group commutator. All (non-unit) elements of a cocompact 
Fuchsian group are hyperbolic. Its action on via (1A.12P is free and properly discontinuous, 
which implies that the quotient = H^/P is a two-dimensional manifold of genus g with a 
metric of constant curvature -1 induced by the metric on H^. The geodesies on the surface 
are the images of P-equivalence classes of geodesies on under the projection — > H^/P. 

A fundamental region for a Fuchsian group P is a closed region F C such that 

[jvF = W}? and (i;>) n F = Vi; G P \ {!}, where F = F \ (A.15) 
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Each fundamental region for T induces a tessellation of EI via the action f[02|) of T. An 
example of a fundamental region is the Dirichlet region Rj){z) based at a point z E D, which 



is the set of points whose geodesic distance flA.71) from z is less than or equal to their geodesic 
distance from all images of z under the action of F 



= {w E D \ p{z,w) < p{vz,w) E r}. 



(A.16) 



One can show that the Dirichlet region R^{z) is given as the intersection of the "half-planes" 



n 

^er\{i} 



Hz{v) = {w E D \ p{z,w) < p{vz,w)}. 



(A.17) 



Due to the invariance of the hyperbolic distance p under the isometry group PSU{1, 1), the 
associated tessellation flA.15|) takes the form 



D=[jvR'i,{z) = [jR'^ 



vz 



(A.18) 



For a cocompact Fuchsian group of genus g, the Dirichlet region R^{z) is a compact, convex, 
connected region in D. Its boundary dR^{z) is the union of 2k > 4g geodesic arcs. These 
arcs are given as the perpendicular bisectors flA.Sp of certain geodesic segments v E 

{vf^,...,v^^} C F for a finite number of elements of F and their inverses. Hence, the 
elements Vu . . . ,Vk E T identify the sides of the Dirichlet region pairwise and form a set of 
generatorq^ of F. 




Figure 7: The standard fundamental region for a cocompact Fuchsian group of genus g = 2. 



^Note that this does not in general imply k = 2g and neither that this set of generators is of the form 
(|A.14p . In the generic situation one has k > 2g and the generators satisfy a different set of relations. 
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Figure 8: A set of curves representing tlie standard generators of the fundamental group of a genus 
2 surface. The curves correspond to the dotted hues connecting the point x to its images in Fig. [71 



It has been shown by Poincare [32| that starting from the Dirichlet region, it is possible to 
construct another fundamental region for F, the so called standard or canonical fundamental 
region of F. This is again a compact, convex, connected region in D bounded by geodesic 
arcs which are identified pairwise by certain elements of F. However, in this case the number 
of arcs is always 4g. The geodesic arcs in its boundary are identified as shown in Fig. [TJ 
and the associated group elements fai, ffei, fag, G F form a set of generators of F as 
in flA.141) . The quotient surface = H^/F is obtained by gluing the sides of the standard 
polygon pairwise as shown in Fig [71 A set of curves representing the associated generators 
of its fundamental group is depicted in Fig. [HI 
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